Lecture 2: Majorana zero modes (cont.)

Monday, February 9, 2015 10:27 PM

More on the properties of Majoranas (e.g. braiding) soon. We will now change gears,
and discuss Majoranas in one dimensional systems.

Here, we are mostly following Kitaev (2003).
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As bedore | the  zero mod s are  robust

—_—

Lessons from the one dimensional
topological superconductor

Superconductor

N =

* Gapped system, two degenerate ground states,
characterized by having a different fermion parity
Defects (in this case, the edges of the system) carry
protected zero modes described by anti-commuting
operators: 7172 = —7271
Ground state degeneracy is "topological”: no local
measurement can distinguish between the two states!
Useful as a "quantum bit"?

- Braiding of  vortices / zero modes.

- Robustness *o Intecactions, Mﬂ’l%—(god.g |'A+QrP,t+o.H0n in 10.

- Fractionsl jzed M&Jore\nat.
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monifold is 2% fold J.e,gen erate
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Every  pair  of  Majoranas form a 2- level S9 Stem,
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=> 4orm a Lermion:
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More gcnemllz He, = LZ: LT t) T,
J

Make  the Tij s time  dependent!

"Discrete B rau al-'na Pro—rocol “
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(77_ d -T q].

What we  have  done here s drawn a closed loop

n Houmiltonian space | mﬂwr tlan hea/ Space.
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: L o L
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For the  oOther eijenshate ot 1T, | we 9 et the opposite fv\wc.

Florence School 2015 Page 6



Heunce

ad
Une th

—
o
o
<|3

Notes:

- The result of the braiding protocol is topological; it does not depend on
deviations from the path in Hamiltonian space, aJ;;(4), as long as y,
remains decoupled in step 1, etc.

- The resulting braiding matrices U;; form a projective representation

of the braid group. By "projective" here we mean that the group
relations are obeyed up to a phase.

S

Ui Usa = Upq Uiy

i

7

Ull U7_3 Ulz = U13 U|7_ Uz_; ( YMs - 5ax49—r QQMUL’H’O'\‘)

- As mentioned earlier in this school, the Majorana (Ising anyon) braiding
rules are non-universal for quantum computation purposes. This can be
seen, e.g., from taking a single "qg-bit" made out of four zero modes, and
consider all the possible braiding operations.

To see +hi's take €q. N=4 Zero modes NI

[ "' . 0
N ’ fix  the total Ffermion  pary P 7 7,9,

A 0Ty The g'g. s now +wo £old dCﬁ entrate,
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eq. i+ is spmnd b\a 7,7, = 0

\

4ou can chech +lw.+ on this  basrs

the %o(lo.,vin? represen tation s possille
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o -1
i I
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0
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I.o. these form a “Paul; jroup".

f
q

d-X

"

The group is pmsuvea‘ 63 the brau'dl'/lg

(mean.'n9 that every element s mapped  to  another eloment, but  never

a sum  of o),

The braidinj tn  be +Lou5ln+ of as roded jon$ (73 {I-
2 rshart hon

X A\ dow can ceach
these ?o;n*s‘ but

no‘f‘nfné e(sa.

around X, g 2:

This  cesult  generalizes  to an  arbitrary  number of  qbits
one  com  Show that if  the braid :'n? preserves the
a Pauli growp defined on an n- qbit Hilbert space |

then i is  not  Universal.

—_—

Suppose we allow for arbitrary interactions (beyond mean field theory). Could we get a phase

with zero modes that extend the behavior of Majorana zero modes, and obtain the missing
gates for universal TQC?

The answer to this question is believed to be no. To shed light on it, it is useful to understand

the topological phase in the wire and the nature of Majoranas in one dimension in a more
general way.
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This is the well-known XYZ model, which can have three gapped phases:
disordered, ordered with (¢*) # 0, and ordered with (¢¥) # 0.

Schematic ?hasc ol.'a?run:

JAN "’ K This con be read from  the SPec-H'uh,.;
<o’ 40 N N\ Ka¥S+ o0
Disordered £, = i\{(_ 2t cosk - p )z +eA Sin k)2

AN N gapless
~_,:: \ \ %:L'—_) b\a |oca+ins the regions where

t
<ai>#0 \ .
\ AN

CRITR the go«lo c(o;es_

—_—

(:or t= tA this s the Wsual transverse  field lsn'n) mode(.)
Note the Symmetry  that  protects the «*> 20 and <o¥sto  phases
Thig 'S
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P H) <o with P= TrO'-Z = TTe”r' AR
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A field  ia th x o y diection i< o non- local

—_—

of the Jermions,
This  would stll be  true i the presence  of

('M‘bH’I'Olrt} in¥eractions  between  fermions.

There are general arguments (Turner, Pollmann, EB (2010); Fidkowski,
Kitaev (2010); Schuch et al. (2011); Chen, Gu, Wen (2011)) that this is
the end of the story in 1D; in an arbitrary interacting system of
fermions, there could be only two stable gapped phases, the
topological phase with Majoranas at the end and a trivial phase. If extra
symmetries are present, more phases - symmetry protected topological
(SPT) phases - are possible. However, as long as our system is made out
of fermions, this won't give any new non-Abelian properties beyond
those of Majoranas. To find something richer, our basic degrees of
freedom need to be anyons, as we will see next.

Gapped phases of fermions

A. Turner, F. Pollmann, EB (2010)

No symmetries: only one gapped phase in 1D
(N. Shuch et al., 2011)

e Conservation of fermion parity with () = (—1)"w
Q,-! \\ /Q,fj
0000 00OCOFIOFDS

“Fractionalization” of the parity Q _ Q Q
operator (in low-energy subspace) -A=B

0 ,,Qp either fermionic or bosonic!

(21(23 _ E.,!'_UCJB(J.-‘I .

= two distinct phases with pr = 0, 7
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